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Tools You Need to Know/Learn

• SVM, KKT conditions

• LSTM

• VAE, Diffusion model

You are expected to know (or learn through this homework) the definitions and usages of the above
concepts, and are encouraged to discuss with TAs during TA hour if you encounter difficulties.

Homework Policy

• The homework is graded out of 100 points.

• The official submission deadline will follow the schedule announced on NTU COOL.

• Homework may be handwritten or typed (e.g. using LATEX), but must be submitted in PDF format.

• If you discuss the homework with classmates, you should state their student IDs in your submission.

• Plagiarism is strictly prohibited. Serious violations will be dealt with according to NTU regulations.
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Problem 1 (Support Vector Regression) (25 pts)

Suppose we are given a training set {(x1, y1), · · · , (xm, ym)}, where xi ∈ R(n+1) and yi ∈ R. We would like
to find a hypothesis of the form f(x) = wTx + b. It is possible that no such function f(x) exists to satisfy
these constraints for all points. To deal with otherwise infeasible constraints, we introduce slack variables ξi
for each point. The (convex) optimization problem is

min
w,b,ξ

1

2
∥w∥2 + C

m∑
i=1

ξi (1)

s.t. yi − wTxi − b ≤ ϵ+ ξi i = 1, . . . ,m (2)

wTxi + b− yi ≤ ϵ+ ξi i = 1, . . . ,m (3)

ξi ≥ 0 i = 1, . . . ,m (4)

where ϵ > 0 is a given, fixed value and C > 0. Denote that ξ = (ξ1, · · · , ξm).

(a) (3pts) Write down the Lagrangian for the optimization problem above. Consider the sets of Lagrange
multiplier αi, α

∗
i , βi corresponding to the (2), (3), and (4), so that the Lagrangian would be written

as L(w, b, ξ, α, α∗, β), where α = (α1, · · · , αm), α∗ = (α∗
1, · · · , α∗

m), and β = (β1, · · · , βm).

(b) (2pts) Derive the dual optimization problem. You will have to take derivatives of the Lagrangian with
respect to w, b, and ξ

(c) (15 pts) Suppose that (w̄, b̄, ξ̄) and (ᾱ, ᾱ∗, β̄) are the optimal solutions to a primal and dual optimization
problem, respectively.

Denote w̄ =
∑m

i=1(ᾱi − ᾱ∗
i )xi

(1) Prove that

b̄ = argmin
b∈R

C

m∑
i=1

max(|yi − (w̄Txi + b)| − ϵ, 0) (5)

(2) Define e = yi −
(
wTxi + b̄

)
Prove that
ᾱi = ᾱ∗

i = 0, ξ̄i = 0, if |e| < ϵ
0 ≤ ᾱi ≤ C, ξ̄i = 0, if e = ϵ
0 ≤ ᾱ∗

i ≤ C, ξ̄i = 0, if e = −ϵ
ᾱi = C, ξ̄i = e− ϵ if e > ϵ
ᾱ∗
i = C, ξ̄i = −(e+ ϵ) if e < −ϵ

(6)

(d) (5 pts)Show that the algorithm can be kernelized and write down the kernel form of the decision
function. For this, you have to show that

(1) The dual optimization objective can be written in terms of inner products or training examples

(2) At test time, given a new x the hypothesis f(x) can also be computed in terms of inner produce.
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Problem 2 (Spherical one class SVM) (25 pts)

Suppose we aim to fit a hypersphere which encompasses a majority of data points x1, ...,xN ∈ RM by
considering the following optimization problem: (here µ and each xi are considered as column vectors)

minimize R2 + 1
ν

∑N
i=1 Ciξi

subject to
∥xi − µ∥2 ≤ R2 + ξi
ξi ≥ 0

}
∀i ∈ [1, N ]

R ≥ 0
variables R ∈ R,µ ∈ RM , ξ = (ξ1, ..., ξN ) ∈ RN

(7)

where Ci > 0 for each i ∈ [1, N ], and 0 < ν <
∑N

i=1 Ci. Let ρ = R2 and rewrite (7) in the form of primal
problem:

minimize f(ρ,µ, ξ) = ρ+ 1
ν

∑N
i=1 Ciξi

subject to
g1,i(ρ,µ, ξ) = ∥xi − µ∥2 − ρ− ξi ≤ 0
g2,i(ρ,µ, ξ) = −ξi ≤ 0

}
∀i ∈ [1, N ]

g3(ρ,µ, ξ) = −ρ ≤ 0
variables ρ ∈ R,µ ∈ RM , ξ ∈ RN

(8)

as well its Lagrangian dual problem:

maximize θ(α, β, γ) = infρ∈R,µ∈RM ,ξ∈RN L(ρ,µ, ξ, α, β, γ)
subject to αi ≥ 0, βi ≥ 0 ∀i ∈ [1, N ]

γ ≥ 0
variables α = (α1, ..., αN ) ∈ RN , β = (β1, ..., βN ) ∈ RN , γ ∈ R

(9)

1. (3 pts) Write down the Lagrangian function L(ρ,µ, ξ, α, β, γ) in explicit form of ρ,µ, ξ, α, β, γ.

2. (3 pts) Show that the duality gap between (8) and (9) is zero.

3. (3 pts) Derive θ(α, β, γ) in explicit form of dual variables α, β, γ.

4. (3 pts) Show that the dual problem can be simplified as

maximize ∥α∥1
(∑N

i=1 α̂i∥xi∥2 −
∑

1≤i,j≤N α̂iα̂jx
T
i xj

)
subject to

∑N
i=1 αi ≤ 1

variables 0 ≤ αi ≤ Ci

ν , i ∈ [1, N ]

(10)

where ∥α∥1 =
∑N

i=1 αi and αi = ∥α∥1α̂i.

5. (10 pts) Suppose (ρ̄, µ̄, ξ̄) and (ᾱ, β̄, γ̄) are optimal solutions to problems (8) and (9), respectively.

(a) Show that ∥ᾱ∥1µ̄ =
∑N

i=1 ᾱixi.

(b) Show that

ρ̄ ∈ argminρ≥0

(
ρ+

1

ν

N∑
i=1

Ci max(∥xi − µ̄∥2 − ρ, 0)

)
.

(c) Show that

min

ρ ≥ 0 :
∑

i:∥xi−µ̄∥2>ρ

Ci ≤ ν

 ≤ ρ̄ ≤ min

ρ ≥ 0 :
∑

i:∥xi−µ̄∥2>ρ

Ci < ν

 . (11)

(d) Prove that ξ̄i = max
(
∥xi − µ̄∥2 − ρ̄, 0

)
for each i ∈ [1, N ].

(e) Prove that  ᾱi = Ci/ν , if ∥xi − µ̄∥2 > ρ̄
ᾱi = 0 , if ∥xi − µ̄∥2 < ρ̄
0 ≤ ᾱi ≤ Ci/ν , if ∥xi − µ̄∥2 = ρ̄

.

6. (3 pts) Suppose Ci = 1/n for each i ∈ [1, n]. What is the physical meaning of ν?
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Problem 3 (Coupled Input-Forget Gate LSTM) (20 pts)

The Coupled Input-Forget Gate LSTM (CIFG-LSTM) modifies the standard LSTM by coupling the
input and forget gates, reducing the total number of parameters while maintaining the gating structure.
Given input xt ∈ Rdx , the previous hidden state ht−1 ∈ Rdh , and the previous cell state ct−1 ∈ Rdh , the
CIFG-LSTM equations are defined as:

ft = σ(Wfxt + Ufht−1 + bf ),

it = 1− ft,

ot = σ(Woxt + Uoht−1 + bo),

c̃t = tanh(Wcxt + Ucht−1 + bc),

ct = ft ⊙ ct−1 + (1− ft)⊙ c̃t,

ht = ot ⊙ tanh(ct),

where σ(·) is the sigmoid function and ⊙ denotes elementwise multiplication.

(a) (4 pts) Derive the partial derivatives of the cell state ct with respect to the gates and intermediate
states:

∂ct
∂ft

,
∂ct
∂c̃t

,
∂ct

∂ct−1
.

Then, using these results, compute the gradient flow for ∂L
∂ft

, ∂L
∂c̃t

, and ∂L
∂ct−1

in terms of ∂L
∂ct

.

(b) (10 pts) Let δa = ∂L
∂a . Derive the following gradients that appear in BPTT for CIFG-LSTM:

∂L

∂ct
= δht ⊙ ot ⊙ (1− tanh2(ct)) + δct+1 ⊙ ft+1,

∂L

∂ft
= δct ⊙ (ct−1 − c̃t),

∂L

∂zf,t
= δft ⊙ ft(1− ft),

∂L

∂zo,t
= δot ⊙ ot(1− ot),

∂L

∂zc,t
= δc̃t ⊙ (1− c̃2t ),

where zf,t = Wfxt + Ufht−1 + bf , zo,t = Woxt + Uoht−1 + bo and zc,t = Wcxt + Ucht−1 + bc.

(c) (6 pts) Show that

∂L

∂Wf
=
∑
t

δzf,tx
T
t ,

∂L

∂Uf
=
∑
t

δzf,th
T
t−1,

∂L

∂bf
=
∑
t

δzf,t.

Note that the same derivation applies to the output and candidate cell gates (Wo, Uo, bo) and (Wc, Uc, bc).
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Problem 4 (From VAE to Diffusion Model) (30 pts)

In this problem, we explore how the idea of a Variational Autoencoder (VAE) can be extended to a more
powerful generative framework — the Diffusion Model.

The key motivation is: why should we map an image distribution to a unit Gaussian latent in just one step,
as VAEs do? An intuitive idea is to do it gradually — we slowly add Gaussian noise to an image through
multiple steps until it becomes pure noise, where the latent variable approximately follows N (0, I).

Then, we train a model to reverse this noising process, step by step, to recover the original image. This
forward–reverse framework forms the foundation of modern diffusion models such as Denoising Diffusion
Probabilistic Models (DDPMs).

The following introduces some basic mathematical definitions that you should follow to derive the results in
this problem.

Markov Chain. A Markov chain is a sequence of random variables {xt}Tt=0 satisfying the Markov property:

p(xt | xt−1,xt−2, . . . ,x0) = p(xt | xt−1), ∀t ∈ [1, T ].

That is, the current state xt depends only on the previous state xt−1, not on earlier ones.

Diffusion Model Structure. The diffusion model defines a pair of processes:

(Forward): q(x1:T | x0) =

T∏
t=1

q(xt | xt−1), (Reverse): pθ(x0:T ) = p(xT )

T∏
t=1

pθ(xt−1 | xt),

where p(xT ) = N (0, I) is a standard Gaussian prior. The model is trained so that pθ(x0) approximates the
true data distribution q(x0). A naive approach would be to use the Maximum Likelihood (ML) objective
directly, but similar to the VAE, we instead adopt the Evidence Lower Bound (ELBO) technique for
tractable optimization.

(a) (7 pts) (Forward Process) Suppose we define a Markov chain {xt}Tt=0 that gradually adds Gaussian
noise to the data:

q(xt | xt−1) = N
(
xt;
√

1− βt xt−1, βtI
)
.

Show that we can express xt in closed form as a noisy version of the original image x0:

q(xt | x0) = N
(
xt;

√
ᾱt x0, (1− ᾱt)I

)
, ᾱt :=

t∏
s=1

(1− βs).

Equivalently,
xt =

√
ᾱt x0 +

√
1− ᾱt ϵ, ϵ ∼ N (0, I).

Here the schedule {βt} satisfies 0 < βt ≪ 1 and typically increases slowly with t, so that ᾱt =∏t
s=1(1− βs) decreases to 0 as t → T ; hence xT ≈ N (0, I).

Hint: Unroll the recursion of xt and use independence of the noise at each step.

(b) (7 pts) (Reverse Process) In the reverse process, we wish to sample xt−1 given xt. Because the
forward process is Gaussian with a fixed schedule {βt}, the conditional

q(xt−1 | xt,x0)

is Gaussian and can be derived in closed form:

q(xt−1 | xt,x0) = N
(
xt−1; µ̃t(xt,x0), β̃tI

)
.
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Show that the mean and variance are

µ̃t(xt,x0) =

√
1− βt (1− ᾱt−1)

1− ᾱt
xt +

√
ᾱt−1 βt

1− ᾱt
x0, β̃t =

1− ᾱt−1

1− ᾱt
βt.

Hint: Use Bayes’ rule and the Gaussian identity q(xt−1 | xt,x0) ∝ q(xt | xt−1) q(xt−1 | x0).

(c) (7 pts) (Denoising Model Design) In practice, we learn a parameterized reverse model

pθ(xt−1 | xt) = N
(
xt−1; µθ(xt, t), Σθ(xt, t)

)
.

In this problem we fix the reverse variance to the true posterior variance,

Σθ(xt, t) = β̃tI,

so that only the mean is learned. A neural network ϵθ(xt, t) is trained to predict the forward noise ϵ;
equivalently, it predicts

x̂0(xt, t) =
1√
ᾱt

(
xt −

√
1− ᾱt ϵθ(xt, t)

)
.

Show that choosing

µθ(xt, t) =
1√

1− βt

(
xt −

βt√
1− ᾱt

ϵθ(xt, t)

)
yields the posterior-form decoder

pθ(xt−1 | xt) = N
(
xt−1; µ̃t(xt, x̂0), β̃tI

)
,

i.e., the true posterior mean µ̃t(xt,x0) with the unknown x0 replaced by x̂0. If ϵθ perfectly predicts ϵ,
then x̂0 = x0 and pθ(xt−1 | xt) matches the true posterior.

(d) (9 pts) (Connection to ELBO Optimization) We maximize log pθ(x0) via the ELBO. Write

log pθ(x0) = log

∫
q(x1:T | x0)

pθ(x0:T )

q(x1:T | x0)
dx1:T ≥ Eq

[
log

pθ(x0:T )

q(x1:T | x0)

]
:= ELBO(θ).

Rearranging gives

−ELBO(θ) = const +

T∑
t=2

Eq

[
DKL

(
q(xt−1 | xt,x0) ∥ pθ(xt−1 | xt)

)]
+ Eq

[
− log pθ(x0 | x1)

]
.

Assuming the fixed variance above,

q(xt−1 | xt,x0) = N
(
µ̃t(xt,x0), β̃tI

)
, pθ(xt−1 | xt) = N

(
µθ(xt, t), β̃tI

)
,

show that, for each t ≥ 2,

DKL

(
q(xt−1 | xt,x0) ∥ pθ(xt−1 | xt)

)
=

1

2β̃t

∥∥µ̃t(xt,x0)− µθ(xt, t)
∥∥2 + const.

Using the noise parameterization xt =
√
ᾱtx0 +

√
1− ᾱt ϵ and the identities derived in part (b),

show that this KL after expectation equals (up to an additive constant) the weighted noise-MSE

Ex0∼q(x0),ϵ∼N (0,I)

[
β 2
t

2 β̃t αt (1− ᾱt)

∥∥ ϵ− ϵθ
(√

ᾱt x0 +
√
1− ᾱt ϵ, t

)∥∥2]
and hence

−ELBO(θ) = const +

T∑
t=2

Ex0∼q(x0),ϵ∼N (0,I)

[
β 2
t

2 β̃t αt (1− ᾱt)

∥∥ϵ− ϵθ(xt, t)
∥∥2]+ Eq

[
− log pθ(x0 | x1)

]
.
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Therefore, minimizing −ELBO is equivalent (up to known time-dependent weights) to minimizing the
noise-prediction objective. In other words, the variational-inference view is consistent with the engi-
neering intuition.

You may notice there is still a term for the final denoising step. In practice, this is treated as a simple
reconstruction term in pixel space; for our purposes we ignore it and focus on the “KL turns into MSE”
result.

Hint:

(1) For N (µ1,Σ1) and N (µ2,Σ2) in Rd, the Gaussian KL-Divergence formula is

DKL =
1

2

(
tr
(
Σ−1

2 Σ1

)
+ (µ2 − µ1)

TΣ−1
2 (µ2 − µ1)− d+ log

detΣ2

detΣ1

)
.

(2) From part (b), write both means via the noise parameterization:

µ̃t =
1

√
αt

(
xt −

βt√
1− ᾱt

ϵ

)
, µθ =

1
√
αt

(
xt −

βt√
1− ᾱt

ϵθ(xt, t)

)
.

Remarks (optional reading).

(1) In the exact ELBO, each timestep carries a non-uniform weight determined by terms such as β̃t; empiri-
cally, DDPM replaces this weighted sum with the simpler unweighted loss

Lsimple(θ) = Et,x0,ϵ

∥∥ϵ− ϵθ
(√

ᾱt x0 +
√
1− ᾱt ϵ, t

)∥∥2,
which often trains more stably.

(2) Why is the simple loss better? This relates to denoising score matching: the optimal ϵθ estimates the
score of the noisy data, and via Tweedie’s formula one can recover x0 from the predicted noise.

(3) A continuous-time viewpoint leads to SDE-based diffusion models; for simplicity, we do not cover the SDE
formulation here. Curious students can look up denoising diffusion probabilistic models, score matching, and
score-based generative models.
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