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Students are required to read, write out, and sign the following Honor Code
Declaration on the answer sheet before beginning the examination. Answer
sheets that do not satisfy this requirement will not be graded.

Honor Code Declaration

I pledge my honour that this examination paper represents my own work
and has been completed independently in full accordance with University
regulations. I confirm that the only permitted reference material used
during this examination is one handwritten or printed double-sided A4
sheet, with no additional attachments, inserts, or adhesives, and that no
unauthorized assistance has been received or provided.

Signature: Date:

This exam contains 7 questions and 120 pts in total. In this exam,
� x ∼ N (µ,Σ) indicates that x is a random vector following Gaussian dis-
tribution with mean vector µ and covariance matrix Σ.

� Jm,nK denotes the set of integers from m to n.
� For a Rm-valued random column vector x with mean µ = E[x], the co-
variance matrix is

V[x] = E[(x− µ)(x− µ)T].

� I denotes the identity matrix. We may use notation Im to emphasize it
as an m×m identity matrix.
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1. (15 pts) Logistic Regression
Consider a binary classification problem with training data ((xi,yi))

n
i=1

where xi∈Rm and yi∈{0,1}. Assume the logistic regression model param-
eterized by θ=(w,b)∈Rm×R,

Pθ(Y=1|X=x)=σ(wTx+b), where σ(z)=
1

1+e−z
.

(a) (3 pts) Show that maximizing the likelihood of the data is equivalent
to minimizing the empirical cross-entropy loss

L(w,b)=
1

n

n∑
i=1

[−yilogσ(zi)−(1−yi)log(1−σ(zi))], zi=wTxi+b.

(b) (3 pts) Explain why squared error loss is generally inappropriate for
logistic regression in classification problems.

(c) (3 pts) Derive the gradient of L(w,b) with respect to w and b.

(d) (3 pts) Explain why gradient descent is guaranteed to converge to a
global minimizer (assuming a sufficiently small step size).

(e) (3 pts) Show that logistic regression induces a linear decision bound-
ary in feature space.

2. (25 pts) Hat Matrix in Linear Regression
Consider a linear model where the outputs are contaminated by noise:

y=Xw+ϵ, ϵ∼N (0,σ2In),

where w∈Rp, and the feature matrix X∈Rn×p has full rank p≤n. In class,
we obtain the unbiased estimator ŵ for w which can be written as

ŵ=f(X,y):=(XTX)−1XTy.

The vector of fitted values of the dependent variable is given by:

ŷ=Xŵ=Hy,

where H=g(X):=X(XTX)−1XT∈Rn×n is the hat matrix for X, and the
vector of residuals is given by:

ϵ̂=(In−H)y.

(a) (2 pts) Prove that H is an orthogonal projection matrix. i.e. HT=H
and H2=H.

(b) (4 pts) Prove that V[ŷ]=σ2H and V[ϵ̂]=σ2(In−H).

(c) (2 pts) Prove that Tr(H)=p.

(d) (2 pts) Prove that g(X)=g(XG) for any invertible matrix G∈Rp×p.
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(e) (4 pts) Consider the case where X is n×(p+1) with a constant term
and p independent variables for each row:

X=


1 x11 ··· x1p

1 x21 ··· x2p

...
...

. . .
...

1 xn1 ··· xnp

 G=


1 −x̄1 −x̄2 ··· −x̄p

0 1 0 ··· 0
0 0 1 ··· 0

0
...

...
. . . 0

0 0 0 ··· 1


where x̄j=

∑n
i=1xij

n
.

(i) (2 pts) Under the transformation X′=XG, derive the unbiased
estimator ŵ′=f(X′,y) in terms of ŵ and G.

(ii) (2 pts) Write

ŵ′=


ŵ′

0

ŵ′
1
...
ŵ′

p

, ŵ=


ŵ0

ŵ1

...
ŵp

.
Express each ŵ′

i in terms of ŵ0,...,ŵp and x̄1,...,x̄p.

(f) (5 pts) Show that (In+uvT)−1, should it exists, must take the form
In−uaT for some column vector a. Give an expression of a in terms
of u and v. For what values of vTu will In+uvT be invertible? (Hint:
Let A=(In+uvT)−1 and consider (In+uvT)A=In.)

(g) (2 pts) If the i-th row (whose transpose is denoted as the column
vector xi) is removed from the training data matrix X, show that

XT
−iX−i=XTX−xix

⊤
i , XT

−iy−i=XTy−xiyi

where X−i,y−i denote the matrix/vector obtained by deleting the
i-th row of X,y, respectively.

(h) (4 pts) Let ŵ−i=f(X−i,y−i). Show that

ŵ−ŵ−i=
(XTX)−1xiϵ̂i

1−hii
,

where ϵ̂i=yi−xTi ŵ, and hii=xTi (X
TX)−1xi.

(Hint: You may verify that (A+uvT)−1=A−1−A−1uvTA−1

1+vTA−1u
whenever

A is invertible and 1+vTA−1u̸=0.)
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3. (15 pts) Gradient boosting of regression models
Let X be the input space, H be a collection of regression models that map
from X to R. Let ((xi,yi))

m
i=1 be the training data set, where xi∈X and

yi∈R. Suppose we want to build regression model of the form

gT+1(x)=

T∑
t=1

αtht(x),

where ht∈H and αt∈R for all t∈J1,T K, so as to minimize the following
loss function:

L(gT+1)=

N∑
i=1

|gT+1(xi)−yi|.

Recall that with gradient boosting, we may initialize g1=0, and for each
iteration t we update gt+1=gt+αtht by

ht∈argmin
h∈H

∂

∂α
L(gt+αh)

∣∣∣∣
α↓0

, αt∈argmin
α≥0

L(gt+αht).

(a) (3 pts) Let fx,y(α)=|x+αy| where x,y∈R, compute limα↓0
fx,y(α)−fx,y(0)

α .

(b) (6 pts) Show that

ht∈argmin
h∈H

 ∑
i:gt(xi)>yi

h(xi)−
∑

i:gt(xi)<yi

h(xi)+
∑

i:gt(xi)=yi

|h(xi)|


αt∈argmin

α≥0

∑
i∈It

|ht(xi)||α−θit|

where It={i∈J1,NK:ht(xi) ̸=0}, θit=
yi−gt(xi)
ht(xi)

.

(c) (6 pts) It turns out that

argmin
α≥0

∑
i∈It

|ht(xi)||α−θit|=[at,bt].

Give the closed form expression for at and bt.

4. (15 pts) EM for Mixture of Poisson Models

Consider the generative model parameterized by θ=((πk,λk))
K
k=1, where

λk>0, πk>0 for each k, and
∑K

k=1πk=1. The probability mass function
(PMF) of generating a count x∈{0,1,2,...} is

pθ(x)=

K∑
k=1

πkPois(x;λk),

where

Pois(x;λ)=
λxe−λ

x!
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is the Poisson PMF with rate λ. Suppose we observeN i.i.d. count samples
x1,...,xN , the maximum likelihood estimator is

θopt=argmax
θ

N∏
i=1

pθ(xi).

Derive the E-step and M-step equations of the EM algorithm for estimat-
ing the priors πk and rates λk.

5. (15 pts) Optimality of Principal Component Analysis (PCA)
In class we have introduced Eckart-Young-Mirsky theorem as stated below:

Theorem 1 (Eckart-Young-Mirsky). Let A∈Rm×n with singular value
decomposition A=UΣVT, where U∈Rm×m and V∈Rn×n are orthogonal
matrices, Σ∈Rm×n is a diagonal matrix with non-increasing diagonal en-
tries σ1≥σ2≥···≥σm∧n≥0. Let k≤m∧n, then both low rank approximation
problems

minimize
Ak∈Rm×n

∥A−Ak∥2 subject to rank(Ak)≤k

minimize
Ak∈Rm×n

∥A−Ak∥F subject to rank(Ak)≤k

have optimal solution Ak=
∑k

i=1σiuiv
T
i . Here ui and vi denote the i’th

column in matrices U and V, respectively.

Explain how the Eckart-Young-Mirsky theorem justifies PCA as an opti-
mal low-dimensional representation of the data.

6. (10 pts) Markov Decision Process (MDP)
Consider a discounted MDP M=(S,A,P,r,γ,µ) defined as follows:

States. S={A,B,C}, where C is the terminal state.

Actions.

� In state A, the available actions are A(A)={α1,α2}
� In state B, the available actions are A(B)={β1,β2}
� State C has no available actions

Transitions and Rewards.

� From state A:
– Action α1: P (B|A,α1)=0.75, P (C|A,α1)=0.25, r(A,α1)=2
– Action α2: P (C|A,α2)=1, r(A,α2)=4

� From state B:
– Action β1: P (A|B,β1)=0.625, P (C|B,β1)=0.375, r(B,β1)=1
– Action β2: P (C|B,β2)=1, r(B,β2)=3

The discount factor is γ=0.8. State C is terminal state. Upon reaching
C, the process terminates and no further rewards are obtained.
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For any policy π, the value function V π(s) is the expected discounted
return starting from state s:

V π(s)=E

[ ∞∑
t=0

γtr(st,at)

∣∣∣∣∣π,s0=s

]
.

The optimal value function is defined by V ∗(s)=maxπV
π(s).

(a) (4 pts) Given deterministic stationary policy π where π(A)=α1,
π(B)=β1:
(i) (2 pts) Write the Bellman consistency equations for V π(A) and

V π(B).
(ii) (2 pts) Solve for V π(A) and V π(B).

(b) (4 pts) Using the Bellman optimality equations, express V ∗(A) and
V ∗(B) as a system of equations, and solve this system to obtain
V ∗(A) and V ∗(B).

(c) (2 pts) Give an optimal policy, and justify why such policy is optimal.

7. (25 pts) Weight Bounded SVM
Given data points x1,...,xN∈Rm as well as their labels y1,...,yN∈{±1} and
penalty coefficients C1,...,CN>0, where each xi=[xi,1,...,xi,m]T is a column
vector, consider the weight bounded SVM problem:

minimize 1
2∥w∥2+

∑N
i=1Ciξi

subject to
yi(w

Txi+b)≥1−ξi
ξi≥0

}
i∈J1,NK

Lj≤wj≤Uj , j∈J1,mK
variables w∈Rm,b∈R,ξ∈RN

(1)

where Lj<Uj are given bounds on each weight component. This for-
mulation is useful when we have prior knowledge about the magnitude of
feature importance or want to prevent any single feature from dominating.

The original problem (1) can be equivalently written as:

minimize f(w,b,ξ)= 1
2∥w∥2+

∑N
i=1Ciξi

subject to g1i (w,b,ξ)=1−ξi−yi(w
Txi+b)≤0, i∈J1,NK

g2i (w,b,ξ)=−ξi≤0, i∈J1,NK
g3j (w,b,ξ)=wj−Uj≤0, j∈J1,mK
g4j (w,b,ξ)=Lj−wj≤0, j∈J1,mK

variables w∈Rm,b∈R,ξ∈RN

(2)

as well as its Lagrangian dual problem:

maximize θ(α,β,λ,ρ)=infw,b,ξL(w,b,ξ,α,β,λ,ρ)
subject to αi≥0,βi≥0, i∈J1,NK

λj≥0,ρj≥0, j∈J1,mK
variables α∈RN ,β∈RN ,λ∈Rm,ρ∈Rm

(3)
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where L denotes the Lagrangian function, with dual variables αi,βi,λi,ρi
associate to constraints g1i ,g

2
i ,g

3
i ,g

4
i respectively.

(a) (2 pts) Write down L(w,b,ξ,α,β,λ,ρ) in closed form.

(b) (3 pts) Show that (2) satisfies Slater’s condition.

(c) (4 pts) Show that:

(i) (2 pts) θ(α,β,λ,ρ)=−∞ unless the following conditions hold:

N∑
i=1

αiyi=0 (4a)

αi+βi=Ci ∀i∈J1,NK. (4b)

(ii) (2 pts) The stationary condition holds if and only if (4) and

w=
∑N

i=1αiyixi−λ+ρ are satisfied.

(d) (3 pts) Show that the dual problem (3) can be simplified as:

maximize
∑N

i=1αi− 1
2

∥∥∥∑N
i=1αiyixi−λ+ρ

∥∥∥2−∑m
j=1(Ujλj−Ljρj)

subject to
∑N

i=1αiyi=0
0≤αi≤Ci, i∈J1,NK
λj≥0,ρj≥0, j∈J1,mK

variables α∈RN ,λ∈Rm,ρ∈Rm.
(5)

(e) (4 pts) Write down the complete KKT conditions for the primal (2)
and dual problems (3).

(f) (9 pts) Suppose (w̄,b̄,ξ̄) and (ᾱ,β̄,λ̄,ρ̄) are optimal primal and dual
solutions respectively.

(i) (4.5 pts) For the margin conditions, show that:

� If yi(w̄
Txi+b̄)>1, then ξ̄i=0, ᾱi=0.

� If yi(w̄
Txi+b̄)=1, then ξ̄i=0, 0≤ᾱi≤Ci.

� If yi(w̄
Txi+b̄)<1, then ξ̄i=1−yi(w̄

Txi+b̄), ᾱi=Ci.

(ii) (4.5 pts) For the weight bounds, show that:

� If
∑N

i=1ᾱiyixi,j<Lj , then w̄j=Lj .

� If
∑N

i=1ᾱiyixi,j>Uj , then w̄j=Uj .

� If
∑N

i=1ᾱiyixi,j∈[Lj ,Uj ], then w̄j=
∑N

i=1ᾱiyixi,j .

7


